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Value-based RL
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Reinforcement Learning

 Recall: an MDP consists of:
— Set of states S
— Start state s,
— Set of actions A
— Transitions and rewards p(r, s'|s, a) (w. discount v)

« But now the model p(r,s’|s, a) is unknown

— Unknown reward r and next state s’, denoted as state
transition (s, a,r,s"), if agent takes action a in state s.

— Agent must learn the optimal policy m(a|s) by trial-and-
error.

State —— — Reward
Model

p(r,s'|s,a)

— Next state
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Characteristics of RL

* There Is no supervisor, only a reward
sighal (may be sparse)
* Feedback Is delayed, not instantaneous

« Sequential, non I.1.d data

— Agent's actions affect the subsequent data it
receives



Model-based vs. Model-Free RL

e Model-based RL

— Learn MDP model p(r, s’|s, a) then use Value Iteration or Policy Iteration
to solve for the optimal value function and policy

* Model-free
— Learn the optimal value function and/or policy directly without learning

the MDP
MoOdel-Free
Value Function Actor Policy
Critic
Value-Based Policy-Based
3 Madel-Based

\\__,/\_/

Model



Model-Based vs. Model-Free by Analogy

Goal: Compute expected age of a group of M students

( Known P(A) \

L E[A]=Y P(a)-a=035x20+... J

Without P(A), instead collect samples [a,, a,, ... 3]

/ Unknown P(A): “Model-Based” \ / Unknown P(A): “Model-Free” \

I I
Why does this f’(a) _ num(a) Why does this
work? Because N ElAl ~ i Z . work? Because
eventually you A — ! samples appear
learn the right E[A] ~ Z P(a)-a ’ with the right

model. @ / K frequencies.

- If we have the model P(A) (probability/percentage of students with a certain age
a), we can compute expected (average) age by a weighted sum. But without
P(A):

— Model-based: randomly sample N < M students and asking for their ages, in order to build

an estimated model P(4) (num(a) is the number of sampled students with age a.). Then use
P(A) to compute the expected age.

— Model-free: randomly sample N < M students and ask for their ages, then compute their
expected age directly.




Model-Based vs. Model-Free Example

« We want to compute expected age of a group of M students. We
use random variable A to denote student age. If we knew the
group consists of two age groups, 20 and 22, with ground truth
distribution P(a = 20) = P(a = 22) = .5. We can then compute 50% 50%
expectation of A as E[A] = ),,P(a) -a=.5-20+.5-22 = 21. But
the ground truth distribution is unknown in general

— Model-based: randomly sample N < M students to build an estimated model
P(A), e.g., P(a = 20) = .6,P(a = 22) = .4 (different from ground truth distribution

of .5:.5). Then use P(A) to compute the expected age E[A] ~ Y, P(a) -a =.6-

20+ .4-22 = 20.8 20 22
— Model-free: randomly sample N < M students, and compute their expected age Ground truth
directly, e.g., we sample 5 students with ages (20, 20, 22,22, 20), then E[A] = distribution P(4)

1

~ ¥ a; =§(20 +20 4 22 + 22 + 20) = 20.8.

* Analogously for RL:

— Given sufficient samples, both model-based RL and model-free RL should give
the same optimal solution. In practice, model-based RL is typically more sample
efficient than model-free RL.



Outline

Monte Carlo Methods
TD-Learning

Sarsa & Q-Learning
Function Approximation



Outline: Monte Carlo Methods

MC prediction

On-policy MC control

— Exploring Starts

- e-Soft

Off-policy MC Prediction via Importance
Sampling

Off-policy MC control (omitted)

10



Recall: Definitions of Terms

Return (cumulatlve dlscouPted revaartd) attime t: Gy = Ry41 +
YRt12 + V*Reps + -+ vy 'Ry = V¥ Retisa
— Ateachstept € [0,T — 1], agent takes an action A; in state S;; at

step t + 1, agent receives a reward R;,, and transitions into the
next state Sy, 1

— We assume episodic tasks, and this specific episode has length
of T steps. (T = oo for continuous tasks)

State Value Function: expected return under policy r: v, (s) =
Eq|G|S: = s]

Action Value Function: expected return from taking action a, then
follow policy : q,(s,a) = E[G:|S; = s,A; = a]

The RL problem: find the optimal policy that maximizes the return
from each state

P(St411St, Ap)

Environment

Reward R; .4
State S;41

Action A;

RL Agent
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Monte Carlo (MC) Prediction (Policy Evaluation)

» Collect episodes/trajectories under policy m;
After each episode, compute return G; for
each state S; encountered Iin the episode
(either first-visit or every-visit); estimate
expected return v, (s) with empirical mean
return by averaging over all episodes.

S o ﬁg
[0 _T,p \
S i \ i@ /A"f\'_'Q o
Tsp O—<-TT, P-O O
Q. \ . E

Q 12



MC Prediction Detalls

State s may be visited multiple times in the same episode

— First-visit MC method estimates v, (s) as the average of the returns following first visits to s
in each episode,

— Every-visit MC method estimates v, (s) as the average of the returns following all visits to s
in each episode, computed by going backwards from last non-terminal S_; (show below),
For every-visit MC, instead of keeping all the sampled returns in a list, we can
incrementally update v, (s) as a moving average with learning rate (step size) a
(more recent visits are given higher weight): V(S;) « V(S;) + a[G; — V(S:)],
where a can be a constant, or be typically reduced gradually until convergence.

MC prediction, for estimating V' =~ v,

Input: a policy 7 to be evaluated

Initialize:
V (s) € R, arbitrarily, for all s € §
Returns(s) < an empty list, for all s € 8

Loop forever (for each episode):
Generate an episode following w: So, Ao, RB1,51, A1, Ra, ..., St_1,Ar_1, Rt
G+ 0
Loop for each step of episode, t =T—-1,T-2,...,0:
G +— vG 4+ Ryy4a
Append G to Returns(S)
V(S:) « average(Returns(S:))
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Example: Computing Returns for
One Episode

« Working backward is more efficient than working

forward as it avoids redundant computations.

Ry R, Rs R4 Rs
Reward R, 3 4 7 1 2

O—O—O—O—O—0 7=05

Stept 0 1 2 3 ] 5

G,= R, +7G, Go=R;+7 Ry+7 Ry + 7’ Ry +7*R;

C1= R +76, Gi= Ry +7 Ry+7" Ry +7"Rs
2= Ry +7Gs Gy=Ry+7 R, +7*Rs
03= Ry +76;4 G3=R4+7 R
G,=R; + 7G5 G,= Rs
Gs =0

Gs
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Exploration in MC Prediction for g, (s, a)

* For any policy (det or sto):

exploring starts
— Specify that the episodes start in

(s0, @), and that every possible )| _,
(s,a) has a nonzero probability

of being selected as the start.

— From (s, a,) follow policy r for
action selection

® So,Qp,S1,Aq, 52,4y, ...

— May not be always feasible for
complex environments.

* For stochastic policy
- e-greedy (or e-soft)
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Outline: Monte Carlo Methods

MC prediction

On-policy MC control

— Exploring Starts

- e-Soft

Off-policy MC Prediction via Importance
Sampling

Off-policy MC control (omitted)
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Recall: Policy Iteration for Known MDP

Policy Iteration (using iterative policy evaluation) for estimating 7w =~ m,

1. Initialization

V(s) € R and 7(s) € A(s) arbitrarily for all s € §
Repeat until policy converges:

2. Policy Evaluation Policy Evaluation: Estimate state value function v,, for
Loop: some fixed policy = with Iterative Policy Evaluation (or
A0 solving linear equations).

Policy Improvement: generate new policy based on
the newly estimated v,;: m = greedy(vy,).

Loop for each s € §:

v+ V(s)
V(s) & Yo p(s',r]s,m(s)) [r + 9V (s")]
A +— max(A, |v — V{(s)|)

until A < # (a small positive number determining the accuracy of estimation)

3. Policy Improvement
policy-stable + true
For each s € 8:
old-action + 7(s)
m(s) < argmax, Y, . p(s’,7|s,a)[r + 7V ()]
If old-action # w(s), then policy-stable < false
If policy-stable, then stop and return V = v, and m = w,; else go to 2 J
17
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Generalized Policy Iteration with MC ES

(Exploring Starts)

 GPIlw. MC ES: After each episode, the observed
returns are used for policy evaluation, and then
the policy Is Improved at all the states visited in

the episode.

Monte Carlo ES (Exploring Starts), for estimating 7 = 7.,

Initialize:
m(s) € A(s) (arbitrarily), for all s € 8
Q(s,a) € R (arbitrarily), for all s € §, a € A(s)
Returns(s,a) + empty list, for all s € §, a € A(s)

Loop forever (for each episode):
Choose Sy € 8, Ap € A(Sp) randomly such that all pairs have probability > 0
Generate an episode from Sy, Ay, following 7: Sy, Ao, Ry....,S7-1. A7-1. Ry
G+ 0
Loop for each step of episode, t =T—-1,T-2,...,0:

G« 7G + Ry

Append G to Returns(S, A)

Q(S;, Ay) < average(Returns(S;, A))
7(S;) + argmax, Q(S;,a)

Starting Q
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GPl w. MC Example

Agent initially has uniform random policy of

going left or right. In each episode, it T
wanders around until it hits the goal and

gets a reward, then Q(s, a) for all the states
visited in the eplsode are updated, and

policy is improved based on argmaX Q(s,a).

— In the fig, agent starts from state S, and O(s,a)
happens to go right to hit the goal, then only
policy of state S is changed. In general,
policies of all states visited in the episode
are updated.

After sufficient exploration, all states’ T
policies may converge to the optimal policy

T,

If some states are not explored enough,

e.g., the leftmost state is never visited, or

they are visited only a few times, and the %
updates to Q(s, a) is not enough to T
overcome badly initialized Q,,;: (s, a)

values, then their policies may not be

optimal.

4——»*——»4——»4——»@
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Policy Evaluation
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Policy Improvement
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Exploration-Exploitation Dilemma

* The agent has to exploit what it has
already experienced in order to obtain
reward, but it also has to explore in order
to make better action selections in the
future.

— Exploitation: to obtain a lot of reward, the
agent must prefer actions that it has tried in

the past and found to be effective In
producing reward.

— Exploration: to discover such actions, it has to
try actions that it has not selected before.

20



e-Greedy as One Type Of e-Soft

e e-greedy policy: select a random action w. prob e (exploration);
select the greedy action argmaxQ(s a) with prob 1 — € (exploitation)

— With |c/l(52| p055|ble actlons in state s, select each non-greedy action

w. prob oL ; the greedy actionw. prob 1 — e + m

e ¢-soft policy: m(als) = m for all (s,a), and for some e > 0
e ¢e-greedy policy is a special case of e-soft policy

€-Greedy policies (  e-Soft policies
Greedy action
Probability Probability
€
[ 10 11 1 1 — -'_-l_'-‘-'"-"l'l',"'m-‘--;-'
| & |

Action Action
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Optimal e-Soft Policy

* The optimal e-soft policy is the policy with the
highest value in each state among all e-soft

policies. It performs worse than the optimal greedy
deterministic policy m, in general.

* But it often performs reasonably well, and avoids
exploring starts.

Optimal €-soft




Generalized Policy Iteration with
MC e-soft

MC control (for c-soft policies), estimates

Algorithm parameter: small £ > 0
Initialize:

e-soft policy (not det policy)

I

T <— an arbitrary e-soft policy

Q(s,a) € R (arbitrarily), for all s € o, a € A(S)

Returns(s,a) < empty list, for all s € §, a € A(s)

Repeat forever (for each episode):

No exploring starts

L

Generate an episode following m: Sy, Ag, Ry,....S7—1. Ar_1, Ry

)

G+ 0

Loop for each step of episode, t =T —-1,T-2,...,0:

G +1G + R4
Append G to Returns(S;, A;)
Q(Sy, A;) + average(Returns(S;, Ay))

e-soft policy

A* « argmax, Q(S;, a)
For all a € A(S;):
1—c+¢/|A(S
m(alSy) < { €/|A(S,)|/| (Se)|

(with ties broken arbitrarily)

if a = A*
if a # A*

23



Outline: Monte Carlo Methods

MC prediction

On-policy MC control

— Exploring Starts

- e-Soft

Off-policy MC Prediction via Importance
Sampling

Off-policy MC control (omitted)
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On-Policy and Off-Policy

 Off-Policy: Improve and evaluate a different target
policy r(a|s) from the behavior policy b(als) that
IS used to select actions.

— Behavior policy may be more random, and more
exploratory/adventurous than target policy, to
facilitate exploration

- m(als) > 0 = b(als) > 0 (b(a|s) must cover m(al|s). If
a Is possible in target policy, it must be possible in

behavior policy. Otherwise agent will never
experience (s,a)

— “Look over someone's shoulder”

* On-Policy: Improve and evaluate the behavior
policy b(als) that is being used to select actions.
- b(als) == n(als)
— “Learn on the job”

25



Importance Sampling

« We want to estimate E_[X], expected value of
random var X with distribution , by sampling from
another distribution x ~ p.

— Capital letter (X) denotes a random variable; lower-

case letter (x) denotes a sampled value of the
random var X.

o Ep[X] = Yoexm(0)x = Yyex b p(x)x =
E,[p(X)X] = = X% xip(x;)

n
- p(x) = 528, % ~ b
« We compute E;|X] by sampling from b, then
performing weighted average with weight p(x).

26



Importance Sampling Example

E;[X]=3-1+.4-2+.1-34+.2- s oE — ol — x=[1]
4 =2.2 T

1st sample from b(x): getx = 1 w.
prob 0.85 i I 22

1 3 alx X
- IEb[X] :IZ%xp(x) = 1XE: 3 (x) E,[X]
0.35
2nd sample from b(x): getx = 3 B nn — Lolhs — x=[13]
w. prob 0.05 T |
1 1 3 0%
- EplX] = EZ% xp(x) = 5(1 X 85 + - . 0.35 2.2
~ iz = ax)=.l ]
3% =) ~3.18 ” E,(X]
3"d sample from b(x): getx = 1 w.
prob 0.85 )
1 1 3 M m — sy_s — Xx=[131]
- EplX] =333 xp(x) =5 (1x -+ R P =85
A 3
3+ 1x =) ~ 2.24 -y N
1 2 3 4 — #(n)=23

m(x) E, [X]



Computing Weighting Factors

* Prob of each off-policy trajectory under behavior
policy b: P(traj under b) =
P(A¢, Ser1) Argrs oo STISt Ae) =
[Tr=¢ b(AklSk) P(Sk+11Sk, Ax)
— Due to the Markov property.
. P(trajunderm)
* Per-1 = P(traj under b)
-t (Al S )p(Sk+1|9%, A) _ ryr—1 #(AklOk)
f=t b(Ak|Sk)r(Sk+1ISk, Ak) “=t b(Ag|Sk)
— Work backwards to compute incrementally W, «
pr-1; Wy &« Wipr_o; W3 « Wypr_3
* Value function update w. importance sampling:

- V(S) « V(Sp) + a(pr.r—1G —V(St))
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On-Policy vs. Off-
Policy MC
Prediction

* |mprove and

evaluate a
different
target policy
m(als) from
the behavior
policy b(als)
that Is used to
select actions.

Every-visit MC prediction, for estimating V ~ v,

[ Input: a policy 7 to be evaluated
Initialize:
V(s) € R, arbitrarily, forall s € S
Returns(s) <—an empty list, foralls € §
Loop forever (for each episode):
Generate an episode following 7 :S),A),R,,S;...,S/_1,Ar_. Ry
G0
Loop for each step of episode, r=7-1,7-2,...,0
G < yG+R,,
Append G to Returns(S,)
V(S,) < average(Returns(S,))
S J
Off-policy every-visit MC prediction, for estimating V =~ v_

i Input: a policy 7 to be evaluated
Initialize:
V(s) € R, arbitrarily, for all s € S
Returns(s) «<—an empty list, foralls € S

Loop forever (for each episode): Use behavior policy b

Generate an episode following 5 : S, A, R,,S,....S;_, A7, Ry
G0 W1
Loop for each step of episode, tr=7-1,T7-2,...,0

G < WG R oy

Append G to Returns(S,)

V(S,) < average(Returns(S,))
(A, |S,)
— <:I Add weighting factor W

b(A,|S)




Outline

Monte Carlo Methods
TD-Learning

Sarsa & Q-Learning
Function Approximation
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Exponential Moving Average

The running average update: x, < (1 — a)x,_1 + ax, =
fn—l + C((Xn R fn—l)
— Shorthand notation x,, <, x,

Makes recent samples more important (since later ones
are more accurate estimates)

e Xp=a(, +(1—-—a)(ax,_;1+ (1 —a)(...)))
— C((Xn + (1 - a)xn—l + (1 — a)zxn—z + )
Lt (A —a)xy g+ (1 —a)’xp_p + -
- 1+Q1-a)+ A —-a)?+ -
+ Since==1+1-a)+(1—-a)?+--
Forgets about the past gradually (distant past values are
likely to be wrong, esp. for changing env.)

Decreasing learning rate a gradually can give converging
average.




TD Learning

* Recall Bellman Exp. Equation:
- v (s) = Xam(als) X, o p(r,s'[s, a) [r +
YUr($)] = Ex[Res1 + YU (Se41)[S: = 5]

— To solve it with dynamic programming, we
need the MDP model p(r, s'|s, a).

* TD Learning: compute v,(s) in model-free
way by sampling. At every timestep t,
update V(S;) for current state S;:

- V(S) «V(S) + a(Reqq + ¥V (Siq1) —V(SH))
—TD Target: Ryy1 + ¥V (S¢41)
—TD Error: 6; = Ryyq + ¥V (Si11) —V(Sy)
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Update Equations: MC vs. TD

* MC (every-visit): After every episode, update V(S;) for
all states encountered in the episode:
— On-policy MC: V(S;) « V(Sy) + a(G, — V(S))
— Off-policy MC w. Importance Sampling: V(S;) « V(S;) +
a(per-1G¢ — V(St))
(A |S
® Prr-1 = H£ %bEAI;:SS
« TD: At every timestep t, update V(S;) for current state
S¢
— On-policy TD: V(S;) <« V(S:) + a(Rey1 + VYV (Ser1) —V(St))
— Off-policy TD w. Importance Sampling: V(S;) « V(S;) +
a(pe(Res1 T ¥V (Ses+1)) —V(St))
o o - m(Ae]Se)
Pe = b(At|St)
. |\/|(UC5] lower variance than MC w. Importance Sampling: V(S;) «
V(S,).
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Tabular TD(0)

 MC updates V(S) at the end of each episode.

 TD updates V' (S) at every time step.
— Bootstrapping V(S) from V(S")
Tabular TD(0) for estimating v,

Input: the policy 7 to be evaluated
Algorithm parameter: step size a € (0, 1]
Initialize V' (s), for all s € §7, arbitrarily except that V(terminal) = 0

Loop for each episode:
Initialize S
Loop for each step of episode:
A + action given by m for S
Take action A, observe R, 5’
V(S) +V(S)+a|[R+4V(S) - V(S)]
S 8

until S is terminal

r
o4



TD vs. MC: Random Walk Example

Agent has uniform random policy, w. equal prob of going left or right at each timestep. Env is
deterministic. All episodes start in state C. Episodes terminate either on the left or on the

right. The reward is 0 on all transitions except 1 for terminating on the right. Discount factor y =
1: learning rate a = 0.5.

Value of state V(s) is the probability of terminating on the right when starting from state s. For
known MDP, they can be computed by Policy Evaluation w. the set of Bellman Exp
Equations,w. solution shown in the figure:

- V(4) =0.5V(B)
- V(B) =0.5V(A) + 0.5V (C)
- V(C)=0.5V(B) + 0.5V (D)
- V(D) =0.5V(C) + 0.5V (E)
V(E) =05V(D)+05-1
Next for unknown MDP, we use TD or MC to learn V (s). Initialize all V(-) = 0.5.

2(.|s)=1/2 VsE€ S y =1
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0 EpISOdel (C) r, O) D) r, O) E) r, 1) T)

- V() <« V() + a[Rpyr + YV (D) =V(C)] =.5+.5(0+.5—.5) =05
— V(D) <« V(D) +a[Ryps +YV(E) = V(D) =.5+.5(00+.5—.5) =05
— V(E) « V(E) + @[Ry1 + YV (T) = V(E)] = .5 +.5(1+ 0 —.5) = 0.75

MC: (every-visit. when used as subscript, T denotes the time instant of reaching the terminal
state)

— GE)=R;y=1,6(D) =Ry +yG(E)=04+1-1=1,6(C) =Ry, +yG(D) =0+1-1=1
~V(C) « V() +alG(C) = V(C)] =5+ .5(1—.5) = 0.75
_ V(D) « V(D) +al6G(D) —V(D)] =.5+.5(1—.5) = 0.75
_ V(E) « V(E) + a[G(E) = V(E)] = .5 +.5(1 — .5) = 0.75
Updates using TD Learning ~ V(S,) < V(S) + a[ R, + yV(S,;;) — V(S)]

y
OFONORONC

terminal start terminal
r=0 r=1

Updates using Monte Carlo V(Se) « V(Se) + a(Ge — V(S:))

t=F
t=T-3 t=T-2 t=fd: °°|°

terminal start terminal
r=0 r=1
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Quiz on TD vs. MC

Q: Is the following a more efficient TD update sequence with backward, in-
place updates?

- V(E) « V(E) + a[Rppqy +yV(T) —=V(E)] = .5+ .5(1+ 0 —.5) = 0.75
~ V(D) « V(D) + a[Rypy + YV(E) =V(D)] = .5+ .5(0 + .75 — .5) = 0.625
— V(C) « V(C) + a[Ry41 + YV (D) = V(C)] = .5 +.5(0 +.625 — .5) = 0.5625

A: This is not feasible since TD updates V(S) at every time step, and does
not keep track of the history of visited states

Q: Can we use backward, in-place updates for MC?
- V(E) « V(E) + a[G(E) —= V(E)] = .5+ .5(1 —.5) = 0.75
- V(D) « V(D) +a[G(D) —V(D)] =.5+.5(1—.5) = 0.75
- V(C) « V(C)+a[G(C) —V(C)] =.5+.5(1—.5) = 0.75

A: Yes, but it makes no difference in this example whether you use forward
or( bacl;ward update for VV(S;), which is based on G (S;), not bootstrapped off
V(St+1)-

For every-visit MC using V(S;) « V(S;) + a[G; — V(S;)] to update each
state’s value function, we should use forward update to give more recent
visits higher weight, in case the same state is visited multiple times in one
episode (refer to p.13 “MC Prediction Details”)
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Episode2 Pt1 (C,7,0,D,1,0,E)

« TD:

- V() «V(C)+ alRiy1 +yV(D)-V(C)]=.5+.5(0+.5—-.5) =05

~ V(D) « V(D) + a[R;11 + YV(E) = V(D)] = .5 +.5(0 +.75 — .5) = 0.625
- MC:

— No update since episode has not ended.

Updates using TD Learning

OOP
() ()@
A B C D E

terminal start terminal
r=0 r=1

Updates using Monte Carlo

OO}o
Caln & &
A B C D E

terminal start terminal
r=0 r=1 38




Episode2 Pt2 (E,[,0,D,1,0,C)

- V(E) « V(E) + a[R;11 + yV(D) = V(E)] = .75 + .5(0 + .625 — .75) ~ 0.688

— V(D) « V(D) + a[R;,1 + yV(C) = V(D)] = .625 + .5(0 + .5 — .625) ~ 0.563
- MC:

— No update since episode has not ended.

Updates using TD Learning

o{ OO0
oo Y
A B & D E

terminal start terminal
r=0 r=1

Updates using Monte Carlo

%
D)@
A B C D E
terminal start terminal

r=0 r=1 39



Episode2 Pt3 (C,71,0,D,r,0,E)
TD:

— V(C) «V(C) + a[Rsy1 + ¥V (D) = V(C)] = .5 +.5(0 +.563 — .5) ~ 0.531

- V(D) « V(D) + a[Ry41 + YV(E) — V(D)] = .563 +.5(0 + .688 — .563) ~ 0.625
- MC:

— No update since episode has not ended.

Updates using TD Learning

oo}o
OF0aCSCRT
A B C D E

terminal start terminal
r=0 r=1

Updates using Monte Carlo

o{ OO0
Caln & &
A B € D E

terminal start terminal
r=0 r=1 40




Episode2 Pt4 (E,r,1,T)

— V(E) « V(E) + a[Rpq + YV(T) — V(E)] = .688 + .5(1 + 0 — .688) = 0.844

Updates using TD Learning ~ V(S)) < V(S) + al R, + yV(S,;) — V(S)]

g S
(23
o " - S ©
r=0 rel
Updates using Monte Carlo
{20
OIONCaCRT
A B C D £

terminal start terminal
r=0 r=1



Episode2 Pt4 (E,r,1,T)

MC (every-visit w. episode ' > D" > E' - D' -C->D > E > T):

Update G (s) backward:

- G(E)=R;y=1,6(D)=Rr_1 +YG(E)=0+1=1,6(C) = Ry_, +

yG(D)=0+1=1

- GDY=R;y_1+y6(C)=0+1=1,G(E") =Rr_;+yG(D)=0+1=1

- GD"Y=R;y_1+YG(E)Y=0+1=1,6(C")=R;_;+yG(D")Y=0+1=1
Update V' (s) forward:

- V() «V(C)+alG(C)-V(C)] =.75+.5(1 —.75) = 0.875

- V(D) « V(D) +a[G(D'")-V(D)] =.75+.5(1 —.75) = 0.875

- V(E) « V(E) + a[G(E") = V(E)] =.75 + .5(1 —.75) = 0.875

- V(D) « V(D) + a[G(D") = V(D)] = .875 +.5(1 — .875) ~ 0.938

- V(C) « V(C)+ a[G(C) —V(C)] = .875+.5(1 —.875) ~ 0.938

- V(D) « V(D) + a[G(D) = V(D)] = 0.938 +.5(1 — 0.938) = 0.969

- V(E) « V(E) + a[G(E) — V(E)] = .875 +.5(1 — .875) ~ 0.938
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TD vs. MC: Random Walk Performance

« Left fig shows values learned after various numbers of episodes on a single

run of TD(0),
— They are very close to the true values after 100 episodes, but they fluctuate
indefinitely in response to the outcomes of the most recent episodes.

* Right fig shows Root Mean-Squared (RMS) error between the value
function learned and the true value function, averaged over the five states,
then averaged over 100 runs.

— TD converges faster than MC. Higher learning rate a helps achieve faster
convergence, but has large fluctuations.

0.8+ Estimated e 0.25 Empirical RMS error,
value “[M averaged over states
0.6 - 0-27 % § %'7-'5;__
015 |\ - ~—
04- \ NN
___Tre 014 \\ U A
values a=15\ \_ . TETTN L es=03
0o O S
5 05 L e~
D —
0 [ ] ] [ [ 0 | | | i
A B C D E 0 25 50 75 100
State Walks / Episodes
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MC Prediction for MiniIGW

Input Policy = Observed Episodes (Training) Output Values

Episode 1 Episode 2

B, east, C, -1 B, east, C, -1

C, east, D, -1 C, east, D, -1
D, exit, x, +10 D, exit, x, +10

En
Episode 3 Episode 4
A

ﬂ E, north, C, -1 E, north, C, -1

C, east, D, -1 C, east, A, -1

D, exit, x, +10 A, exit, x, -10

Assume: y=1

State A: « State C:

— Episode 4: G,(4) = —10 — Episodes 1,2,3: G,(C) =—-1+10=9

— V) = ‘Tlo — 10, — Episode 4: G,(C) = —-1—-10=-11
State D: - VO =709+9+9-11) =4

— Episodes 1,2, 4: G,(D) = 10 « State E:

- V) ===10, — Episode 3: G(E) =—-1—-1+10=8
State B: — Episode 4: G,(E) =—-1-1-10=-12

— Episodesland 2:G,(B) =—-1—1+10= - V(E) = %(8 —12) = =2

8: 7(B) =%(8+8)=8



MC Prediction for MiniGW

From Policy Evaluation, we have
derived V(B) = V(E). But the MC
predicted value functions are
Inaccurate due to limited sampling:

- V(B) = 8, since both episodes 1 and 2

start from B and end in D with V(D) =
10;

- V(E) = =2, since episodes 3 and 4 start
from E and end in either D or A with
V(D) = 10,V(4) = —10.

If we sample more data, then we can
estimate more accurate values.

MC learning is not sample-efficient,
since value function of each state must
be learned separately.

Output Values

If B and E both go to C
under this policy, how can
their values be different?
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TD Learning, a = 0.5

4 episodes with transitions {(B, east, C), (C, east, D)}.

TD update: v,(B) «, —1 + yv, (C); v;(B) <4, —1 + yv, (D)

EP1:

Transition (B, east, C): V®(B) « 0+ a(—-1+0—-0) = -5
Transition (C, east, D): V*(C) « 0+ a(—1+10—-0) = 4.5

EP2:

Transition (B, east, C): V*(B) « -5+ a(—-1+4.5—(-.5)) = 1.5
Transition (C, east, D): V*(C) « 4.5+ a(—1+ 10 — 4.5) = 6.75
EP3:

Transition (B, east, C): V*(B) « 1.5 + a(—1 + 6.75 — 1.5) = 3.625
Transition (C, east, D): V*(C) « 6.75 + a(—1 + 10 — 6.75) = 7.875
EP4:

Transition (B, east, C): V*(B) « 3.625 + a(—1 + 7.875 — 3.625) =
5.25

Transition (C, east, D): V*(C) « 7.875 + a(—1 + 10 — 7.875) =
8.4375

After many repetitions of the episode {(B, east, C), (C, east, D)},
VE(B) = 7,V™(C) = 9
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TD Learning, a = 0.9

4 episodes with transitions {(B, east, C), (C, east, D)}.

TD update: v,(B) «, —1 + yv, (C); v;(B) <4, —1 + yv, (D)

EP1:

Transition (B, east, C): V*(B) « 0+ a(—-1+0—-0) = —.9
Transition (C, east, D): V*(C) « 0+ a(—1+10—-0) = 8.1

EP2:

Transition (B, east, C): V*(B) « -9+ a(—-1+8.1—-(-.9)) =3.1
Transition (C, east, D): V*(C) «< 8.1 + a(—1+ 10 — 8.1) = 891
EP3:

Transition (B, east, C): V*(B) « 3.1 + a(—1 + 8.91 — 3.1) = 5.505
Transition (C, east, D): V*(C) « 891 + a(—1 4+ 10 — 8.91) = 8.991
EPA4:

Transition (B, east, C): V™(B) « 5.505 + a(—1 + 8.991 — 5.505) =
6.748

Transition (C, east, D): V*(C) « 8.991 + a(—1 + 10 — 8.991) =
8.9991

After many repetitions of the episode {(B, east, C), (C, east, D)},
V®(B) = 7,V™(C) =~ 9. Converges faster than a = 0.5
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Important

Backup Diagrams: MC vs. TD vs. DP

Shallow <

A Full backups

Dynamic

Programming
DP

Exhaustive

Search

backups

Monte-Carlo
V(5:) + V(5:) + a (G — V(5:))

M

I

Temporal
Difference
TD

Monte Carlo
MC

VW Sample backups

Temporal-Difference

V(5:) + V(S) +a (R +V(Se1) — V(5:)

Deep
backups

Dynamic Programming
V(5:) = Ex [Res1 +7V(Ses1)]




MC vs. TD

TD can learn before knowing the final outcome

— TD can learn online after every step

— MC must wait until end of each episode before return is known
TD can learn without the final outcome

— TD can learn from incomplete episodes

— MC can only learn from complete episodes

— TD works in continuing (non-terminating) environments

— MC only works for episodic (terminating) environments
MC has high variance, zero bias

— Return G; = Y1 -5 ¥*R;, 141 iS unbiased estimate of v, (S;); converges to v,(S;) (even
with function approximation)

— Return depends on many random actions, transitions, rewards in each episode
— Not very sensitive to initial value
TD has low variance, some bias

— TDtarget R;.; + YV (S;;1) is biased estimate of v, (S;); TD(0) converges to v,(S;) (but
not always with function approximation)

— TD target depends on one random action, transition, reward

— More sensitive to initial value
MC does not exploit Markov property

— More effective in non-Markov environments, e.g., Partially Observed MDP (POMDP)
TD exploits Markov property

— Does not work well for POMPDP
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Outline

Monte Carlo Methods
TD-Learning

Sarsa & Q-Learning
Function Approximation
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Problems with TD Learning

« TD is a model-free way to learn V(S) by sampling
 However, if we want to get the optimal policy, we need the
MDP model p(r,s’|s, a) to go from V(S) to Q(S, A)

- q(s,a) =X, o p(r,s'ls,a) [r +yv(s)]
* Then use greedy action selection

- m(s) = argmaxq(s, a)
a

« Sarsa and Q learning: learn Q(S, A) instead of V' (S), for use
In Generalized Policy lteration (GPI) for control. This makes
action selection model-free too.

V(s) O(s,a) |—i—sfe—impleipleall™s




Important

TD, Sarsa, Q Learning
« TD solves [BEV] by sampling:
= V(S) « V(Sp) + a(Req + ¥V (Ses1) —V(Sp))
« Sarsa and Expected Sarsa solve [BEA] by sampling:
- Q(Sp,Ap) « Q(Sp, Ap) + a(Reyq +¥Q(Siq1, A1) — Q(St, Ap))

- Q(St,Ar) <« Q(Sp, Ap) + a(Reyq + ¥ 2o (a@'[Se41)Q(Seyq,a’) —
Q(StrAt))
* Q Learning solves [BOA] by sampling:

- Q(SpAp) <« Q(Sp, Ap) + a(Resq + VmaE}X Q(Se+1,a) — Q(Se, Ap))

« [BEV] Bellman Expectation Equation for State Value Function:
= Un(s) = Xam(als) X, o p(r,s'ls,a) [r + yv(s7)]

- [BEA] Bellman Expectation Equation for Action Value Function
- qr(s,0) =X, o p(r,s'ls,a) [r +y Yo m(a'|s)gr (s, a)]

« [BOA] Bellman Optimality Equation for Optimal Action Value
Function:

- q.(s,a) =%, o p(r,s'ls,a) [r + ymax q.(s’, a’)]
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Important Backup Diagrams

qr(s,a)

Sarsa
(on-policy,
a' is taken)

D
(on-policy, ,
IS taken) S

s al

UW(S ) !
qr (S ,a’)

Bellman Exp Eqn for v (s) Bellman Exp Eqn for ¢,,(s, a)

QW(Saa) Q*(Saa)

Expected

Sarsa

(off-policy, s/

a’ may not be

taken) ;o
S, A/ max

QL (off-policy,
a’ may not be
taken)

qr (s ,a")

Bellman Exp Eqn for g, (s, a) Bellman Opt Eqgn for q.(s, a) e



Did We Miss One Bellman Equation?

» [BEV] Bellman Optimality Equation for
Optimal State Value Function:

- v,(s) = max Yrs (1, 8'ls,a) [r +yv.(s)]
* Due to max In front, It Is not an expectation

over a digtribut_ion, hence cannot solve for
v,.(s) by sampling.

s@v.(s)
a ‘ max.

r
‘@ @@ @ ()

Bellman Opt Egn for v,(s) 54




Another View

Sample Backup (TD)

Full Backup (DP)

~
-

Bellman Expectation ~

Equation for v, (s) Iterative Policy Evaluation TD Learning
{Tﬁi

Bellman Expectation f,q.-

Equation for gx(s, a) Q-Policy lteration Sarsa

Bellman Optimality wlt.a) oo

Equation for g.(s, a) Q-Value lteration Q-Learning

From https://www.davidsilver.uk/teaching/. Expected Sarsa is missing here.
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Sarsa (on-policy TD control) for estimating Q = q,

Algorithm parameters: step size a € (0, 1], small £ > 0
Initialize Q(s, a), for all s € §7,a € A(s), arbitrarily except that Q(terminal,.) =0

Loop for each episode:
Initialize S
Choose A from S using policy derived from @) (e.g., e-greedy)
Loop for each step of episode:
Take action A, observe R, S’
Choose A’ from 8" using policy derived from ) (e.g., s-greedy)
Q(S. 4) + Q(S, ) + a[R+1Q(S', 4') — Q(S, A)

*_9 ‘5__5’:- A a A'; On-policy, Policy lteration: in state S, Q update w. one-step
until 5 is terminal lookahead Q(S’, A") for a specific action 4’ (e.g., based on e-greedy).

"

Q-learning (off-policy TD control) for estimating n ~ x,

Algorithm parameters: step size a € (0, 1], small € > 0
Initialize Q(s,a), for all s € 8T, a € A(s), arbitrarily except that Q(terminal,-) =0

Loop for each episode:
Initialize S
Loop for each step of episode:
Choose A from S using policy derived from @ (e.g., e-greedy)
Take action A, observe R, S’
Q(S,A) « Q(S,A) + a[R + ymax, Q(S’,a) — Q(S, A)]

S+ 5 Off-policy, Value Iteration: in state S, Q update w. one-step lookahead
until S is terminal | Q(S’, a) by taking max Q(S’, a) among all possible actions.
a




QL is Off-Policy
* QL’s target policy m is always greedy w.r.t
Q(s, a)
- Zalﬂ(a,|5t+1) Q(St+1i Cl’) — Hzlé}XQ(St+11 a’)
» Behavior policy b Is typically more

exploratory, e.g., e-greedy, or uniform
random, or even arbitrary policy.

* No need for Importance Sampling.

o EREERR
'Y

i ¢ ‘S‘1+IR
Target policy: 7% [« |« | = = = argmax Q(s,a)

) 0.0][0.0][1.0] ~ 2(a’|S,.))

Behavior policy: T v fe=r |+ <= { ‘

oS, .a") -3 4 6
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Expected Sarsa and QL

* Expected Sarsa and QL are both off-

policy.
— Target for Expected Sarsa: R, +
Y 2arT(a'|Se41) Q(Set1,a’)
— Target for QL: R;y 1 + V¥ max Q(S;4q,a’)

« Expected Sarsa improves over Sarsa by
eliminating variance due to the random
selection of A;, 4, with cost of increased

computation overhead.
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Example 6.6: Cliff Walking

 Reward is -1 on all transitions except those into the region marked “The
Cliff.” Stepping into this region incurs a reward of —100 and sends the agent
instantly back to the start. Env is deterministic.

« Graph shows the performance of the Sarsa and Q-learning methods with e-
greedy action selection, € = 0.1. After an initial transient, Q-learning learns
values for the optimal policy, that which travels right along the edge of the
cliff. Unfortunately, this results in its occasionally falling off the cliff because
of the e- greedy action selection. Sarsa, on the other hand, takes the action
selection into account and learns the longer but safer path through the
upper part of he grid. Although Q-learning learns the values of the optimal
policy, its online performance is worse than that of Sarsa.

« If e were gradually reduced to 0, then both methods would asymptotically
converge to the optimal policy.

R=-1 Sarsa
Safer path 7
Sum of 50
) rewards Q-learning
Optimal path H during
T he C | i ff G | 0% 51

-100 T . T . |
R o l' 0 0 100 200 300 400 500
Episodes

oY



Recall

e |f MDP Is not available, we
can use Model-Based RL:

« Step 1: Learn empirical MDP
mode]

— Execute some policy = (may be

random), and Keeping track of
outcomes r, s’ for each s,a in
the observed episodes. These
form the training set for
supervised learning of the
model p(r, s'[s, a).

» Step 2: Do planning w. the
learned MDP w. Dynamic
Programming (Value lteration

or

model

olicy Iteration)

stmulated backups
eXperience

Model-Based RL

value/policy

acting
planning

model experience

> __ 7

model
learning

= values » policy -
J



Two Types of Models

Sample models: produce just one of the possible outcomes, sampled
according to the probabilities.

— Can approximate probability of each outcome; requires little memory.

Distribution models: produce the complete probability distribution of all
possible outcomes.

— Can compute exact probability of each expected outcome; requires more memory for
storage.

— Ex. Table Lookup, Linear Expectation, Linear Gaussian, Gaussian Process, Deep
Belief Network...

Dynamic Programming approaches (Value Iteration and Policy Iteration)
require distribution models for state-space planning. Q-planning can use
either type of model.

Sample Distribution

Coin fhpping

5 _’,»"'@n\\ 5
0.5 / \ 0.5 05 / I \ 05
: /S N\ . : / \ .
0.25 0.25 0.25 (.25
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Random-sample one-step tabular
Q-planning

Planning uses
simulated/imagined

experience generated

by a model. B
oop forever:

I 1. Select a state, S € §, and an action, A € A(S), at random
Learnl ng Uses real 2. Send S, A to a sample model, and obtain
experleﬂce generated a sample next reward, R, and a sample next state, S’

I 3. Apply one-step tabular Q-learning to 5, A, I}, §":
by the enVIronment Q(S,A) + Q(S, A) + o[R + ymax, Q(S",a) — Q(S, A)]
\ |

They can be combined *
(in Dyna-Q): an agent  actions | | | | |
uses planning to learn  Learning

that moving right and Updates —— {11 (11T 1A T 11

falling off the cliff is el

bad, so it avoids the 4 o ©
moving right action Fedt
without actually doing -1k
it. 12
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direct RL
update

Dyna-Q: Integrated Planning,
Acting, and Learning

Indirect RL (model-learning then Q planning): real experience is used to
iImprove the model (to make it more accurately match the real environment),
which is used for planning.

Direct RL w Q learning: real experience is used to directly improve the value
function and policy.

Tabular Dyna-Q = Q learning + Q planning

— Model-learning is table-based and assumes deterministic environment. After each
transition S;, A; = R:41, S¢+1, the model records in its table entry for S;, A; the prediction
that R; .1, S¢+1 Will deterministically follow. If the model is queried with a state—action
pair that has been experienced before, it simply returns the last-observed next state
and next reward as its prediction.

— During planning, the Q-planning algorithm randomly samples from state—action pairs
that have previously been experienced.

PR

Policy/value functions Initialize ()(s, a) and Model(s, a) for all s € § and a € A(s)

Loop forever:
(a) S + current (nonterminal) state
(b) A + e-greedy(S, Q)
(c) Take action A; observe resultant reward, R, and state, S’
(d) Q(S.A) + Q(S. A+ alR+ ymax, Q(5".a) — Q(S. A)]
model seaichl e) Model(S,A) + R.S' (assuming deterministic environment)
learning contra ety R
f) Loop repeat n times:
S + random previously observed state
Model A + random action previously taken in S

. R.5" + Model(S, A)
[Enwron ment] Q(S, A) + Q(S, A) + a[R +ymax, Q(S', a) — Q(S, A)]

planning update

simulated
experience

real
experience




Dyna-Q Maze Example

15t episode: agent follows random policy and stumbles upon the goal

G. Afterwards, policy of only one state leading to G is updated.
— QL (n = 0): all experience before reaching G is discarded.

— Dyna-Q (n > 0): learn a model by keeping track of all experience before
reaching G: makes better use of env interactions.

Future episodes:

— QL (n = 0): each episode adds only one additional step to the policy
(influences the neighboring states)

— Dyna (n > 0): agent uses the learned model to plan better policies for all

previously-visited states. By the end of the 3" episode a complete
optimal policy has been found (right fig.).

WITHOUT PLANNING (n=0)

G

!

WITH PLANNING (12=50)

—

—

|

—

!

}

+

— -

—

— -

—-

—_—

—

!

tle = =

—f

i
i
!

!

G
!
!
i
i

Figure 8.3: Policies found by planning and nonplanning Dyna-(Q) agents halfway through the

=

second episode. The arrows indicate the greedy action in each state; if no arrow 1s shown for a

state, then all of its action values were equal.

agent.

The black sguare indicates the location of the
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Dyna-Q Maze Example (n = 100)

Number of steps planned: 100 Number of steps planned: 300
Number of actions taken: 184 Number of actions taken: 185 Number of actions taken: 187

—> | m

—> (> [ —>[—>| ™

S S —>
Number of steps planned: 500 Number of steps planned: 600 Number of steps planned: 1100
Number of actions taken: 189 Number of actions taken: 190 Number of actions taken: 195

e
e

v
v

—> ([ ™

T[]
—>|
&= B0

—> | (> ™




Prioritized Sweeping

« Prioritized sweeping focuses backward on the predecessors of states whose values have
recently changed

* A gueue is maintained of every state—action pair whose estimated value would change
nontrivially if updated , prioritized by the size of the change. When the top pair in the queue is
updated, the effect (TD error) on each of its predecessor pairs is computed. If the effect is greater
than some small threshold, then the pair is inserted in the queue with the new priority In this way
the effects of changes are efficiently propagated backward until quiescence.

- e.g., for Maze example, work backward from the goal state by giving higher priority to states
Ieadlng to the goal state than those far away from it.

Prioritized sweeping for a deterministic environment

Initialize (s, a), Model(s,a), for all s, a, and PQueue to empty
Loop forever: 107 -
(a) S + current (nonterminal) state
(b) A + policy(S.Q)
(c) Take action A: observe resultant reward, R, and state, S’
(d) Model(S,A) + R, S5
(e) P+ |R+ymax, Q(5',a) — Q(S, A)|. Updates
(f) if P = #, then insert S, A into PQueue with priority P until
(g) Loop repeat n times, while PQueue is not empty: optimal
S. A + first( PQueue) -
R,S' « Model(S, A) solution
Q(S,A) + Q(S, A) + a[R + ymax, Q(5',a) — Q(S, A)]
Loop for all 5. A predicted to lead to S:
R + predicted reward for S, A, S |
P + |R+ ymax, Q(S,a) — Q(S, A)|. 10 T T T T 1

]
. . =" = . .. i 4 o4 186 376 2 1504 3008 6016
if P = 6 then insert 5. A into PQueue with priority P a _ ) -
Gridworld size (#states)




Planning w. Inaccurate Model

* Models may be incorrect because the environment is stochastic and only a
limited number of samples have been observed, or because the model was
learned using function approximation that has generallzed iImperfectly, or
simply because the environment has changed and its new behavior has not
yet been observed.

 When the model is incorrect, the planning process is likely to compute a
suboptimal policy. But the error will be later discovered and corrected by

real experience by exploration.

S, S, HT
2 A Model R ] @
— B2 — 5 40
0(S,A) « O(S,A) + a(R +y max O(S’,a) — Q(S, A)) t=3

i _Pm}ﬁ 5

Q(5,a) — Q(S,A))

—
|
w

OS5, A) « QS A)+a(R+yr




Dyna-Q+

« Exploration (explore env to improve model accuracy) vs exploitation (use
current model to improve policy).

* Dyna-Q+ is Dyna-Q with an exploration bonus that encourages exploration.

— If the modeled reward for a transition is r, and the transition has not been tried in 7
time steps, then planning updates are done as if that transition produced a reward of
r + k+/7, for some small k.
 Right fig: The left environment was used for the first 1000 steps, the right
environment for the rest.
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Tabular Methods Summary

Do we already have
access to a model?

Yes l No
Is this a Will we learn a
control problem? model?
Yes l No
Yes No A l

Dyna-Q+ @ Will we learn on

each timestep?
Yes l No
{ y
Is this a Is this a
control problem? control problem?

Ye 0

s l No N l Yes
Expected SARSA MC Prediction

Exploring Starts
MC
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Outline

Monte Carlo Methods
TD-Learning

Sarsa & Q-Learning
Function Approximation
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Q Learning vs. DON

Q Table
State-Action Value

State

_

o|Oo|O|Oo|Oo|Cc|Oo|O|O|=

Q Learning

State

Deep Q Learning

https://www.analyticsvidhya.com/blog/2019/04/introduction-deep-g-learning-python/



Function Approximations of Value

q(s,a,w)

!

2

Functions
¢ Upper: V(s,w)

— Left: state value function T
D(s,w) with params w.

— Middle: action value A~
function g (s, a, w) with w
params w. T

— Right: action value !
functions g (s, a;, w) with
params w, since we need
all Q- value_s for computing g
greedy policy L
argmax, Q (s, a). ¢

* Lower:

— Use Neural Network as

action value functions Swatwes

(corresponds to upper
middle and right).

I

q(s,a,,w) -+ dls.a,,w)

bt
/\f\
!




Mean Squared Error

« Optimization objective is to minimize Value Error

A

Value

VE = Eq[vz(s) — D(s,W)]? = Yses 1(8) [V (s) — D(s,w)]?
u(s) is the fraction of time spent in state s when following policy m,

called the on-policy distribution under policy m, }.csu(s) = 1. A Iarger
u(s) denotes state s is visited more frequently, hence estimation error

of v, (s) is given more weight

V,(5) Ms:ru: CIIEL:?:;?d Z ﬂ(S\). [v,(s) = D(s, W)

The fraction of
time we spend in §
when following
policy 7T

(s, W)

State



Gradient Descent

« The x-axis corresponds to weight vector w, and the y-axis
to the objective value (i.e., loss function) L(w) for weight
w.

 To minimize L(w), we adjust weight vector w in the
direction of the negative of the gradient w « w — aVL(w)

- «a IS step-size parameter that is typically gradually reduced

Loss
L(w)

Weight



Stochastic Gradient Descent (SGD)

* Gradient Descent for minimizing Mean Squared
Value Error (impractical for a large number of
states)

- WE =V ¥es Un () [vr(s) — D(s,w)]? =
ZSES U Vv, (s) — 0(s, W)]z = —2 ZSES Urlvp(s) —
D(s,w)| VD(s,w)

-wWew —%aVﬁ =W+ a Yes Urlvn(s) —
D(s,w)| Vi(s,w)

« SGD: on each step, update w based on a single
new state S; and its value v, (S;):

-w e w+ alv(S;) — U(S;, w)VE(S;, w)



Gradient Monte Carlo

» Gradient Monte Carlo: Use MC target G;
as unbiased estimate of v(S;).

-we—w+ al[Gy — D(Sg, w)|VI(S;, w)

~ \T-1_,k
—Recall G¢ = 2= V" Re+r+1

Gradient Monte Carlo Algorithm for Estimating v = v,

Input: the policy 7 to be evaluated

Input: a differentiable function #: § x B% -+ R

Algorithm parameter: step size a > 0

Initialize value-function weights w € R? arbitrarily (e.g., w = 0)

Loop forever (for each episode):
Generate an episode Sp, Ao, 1,51, A1, .... Br, ST using 7

Loop for each step of episode, t =0.1,...,T — 1:
W W+ r.r[G'f — f—‘{S;._w]]?-ﬁ{SL._w]




Semi-Gradient TD(0) for Estimating ¥ = v

« Use TDtarget R;,; + y7(S;41,w) as biased estimate of v,(S;).

°* Wew-— %av[Rt+1 + Y0 (Ses1, W) — D(Sp, W)]? # W+ a[Rpyq + ¥D(Sppq, W) —
D(Se, w)VU(Ss, w)
— Since V(Ryyq + y9(Sey1,w)) # 0
« Semi-Gradient TD(0): use the semi-gradient as approximation to the real gradient
- WeW+a[Rey +y0(Spyq, W) — D(Sg, W)VD(S,, w)

« It may not converge to local minimum, but it converges faster than Gradient MC
due to more frequent (per timestep instead of per episode) and less noisy
updates.

Semi-gradient TD(0) for estimating ¥ = v,

Input: the policy ™ to be evaluated

Input: a differentiable function ¢ : §* x R? — R such that ©(terminal,-) =0
Algorithm parameter: step size e = 0

Initialize value-function weights w € R? arbitrarily (e.g., w = 0) A

Loop for each episode:
Initialize S
Loop for each step of episode: Semi-Gradient
Choose A ~ 7(-|5) Objective TD solution
Take action A, observe K. 5’
w — w+a[R+y0(5" .w) — 6(S,.w)| Vi(S,w)
S+ 5

Weights

until S is terminal >



TD vs. Supervised Learning

« TD tries to learn parametrize value
function ¥(s,w) = v,(s)

— Learn mapping S; = Ry 1 + YU (S¢41, W) from
training dataset: {(S{, R, + y7(S,,wW)), (S5, R +
]/9(53, W)), (53' R4 + )/1/2\(54, W)), }

— Target R;,1 + yU(S;41, W) depends on w. (non
1.i.d)

 c.f. Supervised Learning, with fixed and

given target (i.1.d)

— Learn mapping X; = y(X;, w) from training
dataset: {(X1,Y;), (X5, Y,), (X5,Y3) ... }



TD w. Linear Function
Approximation

For linear value function approximation ©(s, w) = w' x(s), we have
Vi(s,w) = x(s)
— e.g. for feature vector of size 2:

A - X >
- D(s,w) = [W1 W] [xlES% = w1x1(8) + waxz(s)
0D (s,w)]
. . 6W1 — xl(s)
- VU(S; W) — 0D(s,w) - [Xz(s)
L dw,

Semi-gradient TD:

- WewHa[Reyq +Y0(Ser1, W) — 0(Se, w)]x(Sy)
— Weight update = step size x TD error x feature value

A theorem relating Linear TD’s fixed-point and minimum of Value
Error:

- ﬁ(WTD) < irnlrlﬁ(W)
1-y w



Tabular TD I1s a Special Case of
Linear TD

For Tabular TD, feature vector is one-hot encoding of states:
x(s;) =10 ..0 10 . .0]7, with 1 for the i-th element and 0 for all
others. This assigns a value to each individual state D(s;,w) = w;

— e.g., for 2 states sy, s,, we have 2 features: x(s;) = [(1)] ,x(s,) = [(ﬂ
- Do, w) = wTx(sy) = W1 wal [
- (s, w) = wix(s) = W1 wal [}
Semi-gradient TD becomes:

- w; <« w; + a[Reyq +¥0(Seqr,w) — 0(Sp,w)] - 1

— Same as Tabular TD: V(S§;) « V(S;) + a(Rey1 + YV (Ses1) — V(Sy))
Similarly, tabular MC is a special case of Linear Gradient MC.




CH10 On-policy Control with

Approximation

* Top: Generalized
Policy Iteration (GPI)
for tabular setting,
updating Q(S;, 4;) for  >*{=Q
each (S, 4;) in each
iteration.

 Bottom: GPI for
function
approximation setting,
updating w In Starting w
g(s,a,w) for any (s, a)
In each iteration

Oy = Qs



Action Value Function Update
Recall Sarsa: EquaﬂOnS

- Q(SpAr) « Q(Sp, Ap) + a(Rig1 +¥Q(Stq1, A1) — Q(St, Ap))
Semi-Gradient Sarsa w. function approximation:

- Wewt a(Rt+1 + Vé[\(St+1;At+1;W) o éI\(StJAtJ W))v/q\(StIAti W)
Recall Expected Sarsa:

- Q(St, Ap) « Q(St, Ap) + a(Rey1 + ¥ 2o (@' [Se41)Q(Ser1,a") — Q(St, Ap))
Semi-Gradient Expected Sarsa w. Function Approximation:

- wewta(Reyq + Vza' w(a'|S¢+1)G(Ses1,a’, W) —
EI\(SDAD W))vq\(st; Att W)
Recall QL:

- Q(St, Ap) < Q(St, Ap) + a(Reyq + Yy max Q(Sir1,a’) —Q (St Ap))
Semi-Gradient QL w. Function Approximation:

- wewta(Rey Yy max q(Ser1,a’,w) — G(Se, Ae, w)VG(Se, Ap, W)
(Optional) linear function approximation g(s,a,w) = w’ x(s, a)



